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Motivation m

o Sierpinski triangle
introduced by Wactaw Sierpiriski in 1915.
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Motivation m

o Sierpinski triangle
introduced by Wactaw Sierpinski in 1915.

o Sierpinski graphs
introduced by Klavzar and Milutinovi¢ in 1997,
connected to the Tower of Hanoi puzzle — state graphs for the
Switching Tower of Hanoi puzzle.
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Motivation m
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Graphs ST3 (left) and S3 (right).
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Motivation m

o Sierpinski triangle
introduced by Wactaw Sierpinski in 1915.

o Sierpinski graphs
introduced by Klavzar and Milutinovi¢ in 1997,
connected to the Tower of Hanoi puzzle — state graphs for the
Switching Tower of Hanoi puzzle.

@ Applications outside mathemtics

o Physics — spectral theory (Laplace operator), spanning trees
(Kirchhof's Theorem),
e Psychology — "state graphs” of the Tower of Hanoi puzzle.
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Notations
o [n]:={1,...,n},
e [n]p:={0,...,n—1},
o T:=[3]o=1{0,1,2},
o T:=1{0,1,2},

-
P:=lplo={0,....p—
P

P.={k|ke P}
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Definition (ldle peg labeling) m

Let n € IN.

... are the graphs defined as follows: I
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Definition (ldle peg labeling) m

Let n € IN.

. are the graphs defined as follows:
0

ST = K
V(ST)) =T

~ A

1 2

o vertices 0, 1, and 2 are primitive vertices
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Definition (ldle peg labeling) m

Let n € IN.

.. are the graphs defined as follows:

V(ST) =TUu{se T"|ve[n]},
E(sT)) = {{k k" Y} | ke T, je T\{k}} U{{sk.sj} | s€ "% {j.k} € (3)

U{{sG—i=)i"" kst se T velnl ieT, jke T\{i}}
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Example — Idle peg labeling m
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Example — Idle peg labeling m
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Example — Idle peg labeling m
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Example — Idle peg labeling m
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Contraction labeling m

Let n € IN.
0
ST = K
V(ST)) =T
i 2
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Contraction labeling m

Let n € IN.

V(ST =T U {s{ij} |se 7L veln {ijte (D)},
E(sT§) = {{k k" i k}} | ke T, je T\ {k}} U
{stijbstik} |se T e T, ik e (YN} u
{tskr (i} sli k) [se T veln—1) ie T, {ik} e T\ {i}}
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Basic properties m

o |STJ| =

N W

(3"+1)
o ||STg| =3

@ graphs ST3' are connected
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Distance to a primitive vertex m

If n€ N and v € [n]o, then for any s, t € V(STY)

dn(s, t) =2""Ydy(s, t).
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Distance to a primitive vertex m

If n€ N and v € [n]o, then for any s, t € V(STY)

dn(s, t) =2""Ydy(s, t).

If v €N and s € T, then do(k, ) = (k # £), and

A

du(s D) =14 (=) + Y (sq # £)- 291 .
d=2

There are 1+ (s; = /) shortest paths between s and /.

@Here (X) is Iverson convention, which is 1 if X is true and 0 if X is false.
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Distances — special case m

Let {i,j,k} =T, neNandse T".

dnr1(is,j) = da(s, k)
dni1(is, i) = min{d,(s, k) | k€ T\ {i}} +2"

If s = i"sp_«S, K € [n—1]o, then dpi1(is, i) = dp(s, Sp—x) + 2" and the
shortest path goes through vertex 3 — i — s,_.

@ two shortest paths between is and i iff is = V11, v € [n]

@ two shortest paths between is and j iff is = ik, v € [n]
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Distances — general formula m

If n € N and v € [n]o, then for any s € V(STJ), t € V(STY), and
{ijk}=T

dnr1(is, jt) = min{d,(s,]) +2"7Vd,(t,7); dn(s, k) +2"+2"7Vd,(t, k)} .

Problem of two shortest paths: shortest path either goes directly from
i-subgraph to j-subgraph, or it goes through k-subgraph. It can also
happen that there are two shortest paths.
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Comparison m
with metric properties of Sierpinski graphs

Sy STY
d(ss, s?) =d(5, 1) dn(s, t) =2""Vdy(s, t)
Z sq #j)277t d,,(s,@):1+(51=£)+i(sd#ﬁﬂd_l
d=2

d(is, jt) = min{dgi(is, jt), dingir (is, jt) }

diam(Sj) =2"—1 diam(STY) = 2"
Y d(s,i") =2"t -2 Y d(s,i") =21
ieT ieT
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Automaton
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d4(002{0,2},112{1,2}) = 16
(direct)

d4(020{1,2},12{0,2}) = 13
(two shortest paths)

da(022{0,1},12{0,2}) = 12
(indirect)
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Sierpiniski triangle graphs ST m

Jakovac, A 2-parametric generalization of Sierpinski gasket graphs,
Ars. Combin. 116 (2014) 395-405.

.. are the graphs defined by:

V(sTR) =P U {slij} [se PL vell (i} e ()},

E(sTg) = {{k k" {j,k}} | k€ P, je P\ {k}} U
{{slii)sli i} |se P ie P {iky e PN} U

{{skim 2" {i,j}s{ik}} | s€ P L ve[n—1], i€ P, {jk} e P\{i}} .

As before, ST? = K, and V(ST9) = P.
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Example ST} m

{0.1} q

{1.2}
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Distances in STF’,’ m

d=1

d(s{ij}, D) =1+ (i £ 0OG #6) + Vi(éd #0)-27 € [2'] }

o thereare 1+ (p—2)(i # £)(j # €) s{i,j}, I-shortest paths
o diam(ST7) = 2"

o Vse V(ST)) Zd (s,0) = (p—1)-2"

dnr1(is, jt) = min{d,(s, ) +2"7Vd,(t,7);
dn(s, k) +2"7vd, (t, k) +2" | k € P\ {i,j}}.
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Open Problems

@ explicit formula for average distance

@ other metric properties which are known for Sierpiriski graphs S

@ we are currently working on the decision automaton for p > 3
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